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In this second report on Richardson's method 1) some numerical
spects with which one is faced in actual computation are discussed.
irst we will consider the numerical stability of the first order
ersion of Richardson's method. Tt is well-known that the order of
he relaxation parameters must be chosen very carefully in order to
*t convergence. In fact, the distribution recommended by Young
ailed for the problems we tested on the computer. The factorization
*thod proposed in section 3 proved to be numerically stable for very
l1-conditioned matrix problems. Secondly we will prove that the second
der process is strongly stable in the sense of O'Brien, Hyman and
plan and finally we will discuss the effect of not estimating

tactly the first eigenvalues.

In a third report [5] we will apply the theory to a number of

trix problems arising from the numericsal solution of Laplace's
uation.

[n a preceding report (see reference list Ea) we discussed theore-
ical aspects of Richardson's method.




1. The elimination method

In this section we recall some of the main features of the theory
developped in [4].

In [4] the solution of the matrix equation
(1.1) Lu = f

was approximated by a sequence of functions W s which were calculated

by the formula

(1.2) Weyq = (ak - ka)uk + (1 - ock)uk_1 + wkf.

The function W, may be expressed in terms of the solution u and the

initial error v, = u., - U, 1.€.

0 0

(1.3) W = ut Pk(L)vO,

where Pk(L) is a polynomial of degree k in L satisfying Pk(O) =1,
Let us assume that L has a complete set of eigenfunctions ess with
eigenvalues Ai of which most are positive and no more than a few

are negative. We develop vy in the series

(1.L4) v = Z c.e..

The essence of the method proposed in [}] was the reduction of the
late eigenfunctions of L corresponding to the larger eigenvalues

Aie [a,ﬂ], followed by the elimination of the remaining eigenfunctions.
K(a,b,L)
adjusted to the interval [ﬁ,b] and scaled to satisfy the condition

The reduction was achieved by means of the Chebyshef operator C

C,(a,b,0) = 1. The remaining eigenfunctions were eliminated by Chebyshef

K > . >* . >
operators C_>(a ,b,L), where a is chosen to satisfy CK*(a ,boA,) =0,

K

A1 being the eigenvalue of the eigenfunction to be eliminated.

1




2. Numerical stability of iteration processes

In this section we discuss the numerical stability of iteratic
'rocesses of the type

2.1) Weyq = Hkuk * 8y k=0,1, 2, ...

here &) is a known vector depending on k and H is the iteration

atrix also depending on k.

uch a process is called strongly stable [}] if for every k

2.2) llHkll <1,

rom this condition one may derive that the rounding errors occurri

1 actual computation cannot accumulate.

Ippose that with the application of the operator Hk we have the

k* Instead of the exact solution u, we then get the
merical solution uk satisfying the scheme

yunding error ¢

’.3) uk+1 H u tgy * €y

ter K iterations we have the numerical error

o K-1 ) K-2 K-1

e - o By (ug = ug) + kgo Lerer 1% Y g
idently u;-= Uy» hence

- K-2 K-1
) We = = k£O 1=§+1 Hoe + k-1
define
5) lull = mex x|

O<k<K-1

6) el = wax [fe[].

0<k<K-1




From (2.4) we obtain

v K=-1 L _ K
1) = wll s I et = J=HEH (el

It may be concluded that a strongly stable iteration process has g

final numerical error of the same order as the maximal round—off of
the individual iterations. In those cases where ||e|| is small, the

process is numerically stable.

Let us now consider iterative processes where ]]Hklf also assumes
values larger than 1.
We define the operators

K-1

for k =0, 1, »..., K=-1, where AK 1= 1,
From (2.4) we see that llAkl
of the round-off € Therefore we should require that

|Ek]] is an upper bound for the growth

(a) The operator norms ]lAk]’ have to be small for k = 0,1,...,K-1.

A second condition is obtained by requiring that each round-off € will

be small, i.e. there will be no growth of numbers.

Let us define the operators
k
(2.9) B, = I H

for k =0, 1, ..., K-1.

To prevent a growth of numbers we require
(b) The operator norms |[Bk[l have to be small for k = 0,1,...,K-1.

If we are able to arrange the operators Hk in such a way that the condi-
tions (a) and (b) are satisfied, we may expect that the iteration process

(2.1) is numerically stable.




3. Numerical stability of the first order Richardson process

As far as the author knows there is no detailed study of the
stability against rounding errors of the first order Richardson
rocess (cf. Forsythe and Wasow [éjp. 233). In this section the
stability problem is investigated, which results in an arrangement
'f the relaxation parameters stable on the Electrologica X8 computer
‘or very ill-conditioned matrix problems and for relative large values

f K.

The first order Richardson process is of type (2.1) with

3.1) Hk =1 - ka.

e shall assume that L has g complete set of eigenfunctions e; with
igenvalues Ai. Since the orders of the elimination operators

K*(a?}b,L) are small we will only be concerned with the effect of
i

>unding errors associated with the application of the operator
{(a,b,L). It is sufficient to restrict the considerations to the
bace S(a,b), which is generated by the eigenfunctions e; corresponding
> the eigenvalues Aie [é,ﬁj, i.e. we will consider the numerical
;ability with respect to the space S(a,b) (compare [}I section 6).
le eigenvalues of Hk are given by 1 - kai’ so that the operators H

k
‘e instable with respect to S(a,b) when

‘..2) wk i

o'l

figure 1 the spectra of a stable and an instable operator Hk are
lustrated.
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norms I]Hkil may become very large, hence the relaxation parameters

wst be carefully distributed over the K iterations of the process.

1lts of Young-Warlick

The experiments of Young and Walick ([6], [7]) proved that a
rending or ascending order of the norms ||Hk|] was unfavourable.
retically this may be concluded from the structure of the operators
nd Bk

us suppose that ]’Hk|| or W, is decreasing with k. The norms

defined in the preceding section.

|| are small for every k. However, IIBk’| increases strongly in the
't part of the iteration process (figure 2) giving rise to a strong

th of the error v, in the middle of the process.

k

llBk‘l

fig. 2

descending order gives rise to a strong growth of numbers, but

e is no growth of the individual round-offs e._. The area below the

k
e ||Ak| IBkll (figure 2) gives an upper bound for the final
rical error |Iu;'— uK|

s

. If we invert the direction of k in figure 2

if we interchange |1Ak[ and |]Bk|’ we get a situation corresponding

n increasing order of the norms l]HkI

ascending order gives rise to a strong growth in the individual

ding errors € however, there is no growth of numbers.




1 table I we have listed our results for the model problem I discussed
1 [5]. For the sake of completeness we have mentioned the parameters
and stv respectively indicating the type of the difference formulae

sed and the number of the starting vector Uye

\BLE T. Numerical stability of the first order Richardson process

applied to the model problem I (see [5]).

K a b Y stv R*(K)
ocess without round-off 27 2 162 1.5 > 0,20 (theor
cending order 27 2 162 1.5 L - 0,05
cending order 27 2 162 1.5 5 0,03
scending order 27 2 162 1.5 L 0,21
scending order 27 2 162 1.5 5 0,23
ung-Warlick order 27 2 162 1.5 4 0,21
cond degree process 27 2 162 1.5 L 0,21

*‘ ° ©
> number R (K) is defined by

[ [tug = ]|

.3) R(K)=—%lnm,
0

.ch will serve as an estimate for the convergence of the iterative
)cess with respect to the space S(a,b) = 8(2,162). This follows from

+ following argument. If there are no rounding errors we may write

- [1Tu - Lv, - £]] | lcg(asb, 1)Ly, |
L) R = - 4L K 1 K& vo !l

K T~ Tv, = 27 -~ 12 IEAI

m this we conclude that for € = O the following inequality holds

5) R(K) > R(K),

re R(K) is the average rate of convergence for K iterations. In the
umn denoted R*(K), the first number corresponds with the value of

lower bound R(K) of the numerical values R*KK).
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1 better ord

ovements of

I that the descending order is superior to the

escending order yields the same rate of converge
second order process (see the following section
der is divergent. In connection with this, it is
that Young [ﬁ] stated that the ascending order
cending one.,

tested an arrangement of the relaxation paramet

ddle value of w,_, and then alternatively proceed

the next highei. This order was satisfactory fo
d by (K,a,b) = (k0,2,324) EJ. If larger values
ng recommends repeating the whole process.
tioned problems the rate of convergence is reduc
. Therefore it is highly desirable to look for

the relaxation parameters.

ung-Warlick order

A first imp
rt the order
od. This 1is
|Hk]1 is sup

be interpret

norms of the

arranging t
e IT justifi
81.

nt of the Young-Warlick order is obtained if we
e relaxation parameters in the Young-Warlick
ted by the observation that a descending order
to an ascending order. The Young-Warlick method

a sequence of quadratic operators

Hka, = (1 - ka)(1 - wk,L)

w +w , == (a+b).

1
k k' 2

dratic operators are increasing, hence we expect
th decreasing norms will be a better strategy.

s conclusion, although the method diverges for




LE IT. Numerical stability of the first order Richardson process
applied to model problem I [E].

Kl a| b | v | stv R™(K)
:ess without round-off 81| 2162 1.5 > 0,21 (tt
:nding order 81 2162 1.5 4 |- 0,63
rending order 81/ 2 162 1.5| L |- 0,46
:nding-descending order 81 2 1162 1.5 L - 0,23
ig=Warlick method 81/ 2162 1.5 L |- 0,05
rted Y-W method 81 2 162g 1.5 4 |- 0,00
nding-descending Y-W method 81| 2 | 162 1.5 4 |+ 0,19
method applied to quadr.operators 81} 2 ;162; 1.5 4 [+ 0,21
nd degree process 81 2 162 .50 4 |+ 0,21

A second and better improvement is obtained if the quadratic
ators are arranged with increasing-decreasing norms (see table I1)

is clarified by the structure of the operators Ak and B, defined

he preceding section. Let us first arrange the linear opirators

ith increasing-decreasing norms. In figure 3 the behaviour of

|| and IIBkl] 1s illustrated. We see that []Ak|| and IIBkll have

such an explosive behaviour as in figure 2. Moreover [!Ak]’ is smal
IlBk][ is large and vice versa. This means that a large round-off
not grow strongly and a rounding error that does grow strongly

small one.
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same argument holds for an increasing-decreasing order of the
ratic operators of Young-Warlick.
results 1n table II agree with these conclusions.

The Young-Warlick method and the improvements discussed above
obtained by replacing the operator Hk with Hka,, and applying
methods found for the linear operators to these quadratic operators.

process may be continued. For instance one may apply the Young-
ick method to the operators Hka,, which results in a still better

of convergence as is seen in table II.
ver, this is an experimental manner of investigation. We shall
mpt to give a more analytical description of the reduction of

rical errors.

orization into perturbed Chebyshef operators

We start with the following theorem

rem I

the relaxation parameters {wk}i;é of the operator CK(a,b,L) be

nged in decreasing order. The relaxation parameters of the operators
a,b,L) are then given by the set {wk | k = md,) + % (d
0, 1y cony KO-1, dO = K/KO}, where do is an 0dd divisor of K.

0_1)’

]

rding to formula,EF1(2.3) the k-th zero of CK(a,b,A) is given by

=] a1 \ Ok+1
) 2 =3 (b +a) - 5 (b - a)cos ( T m)e
ing
247" (k -1 (d. = 1)) + 1
2k+1 r o= 0 2 0 .
2K 2KO

1 th
se that the [(k - 5 (d; - 1))/d,]"" zero of C

,b,A), which proves the theorem.

X (a,b,A) is a zero of
0
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‘do is an even divisor of K it is easily verified from (3.6) that

ros ¢ of Cx (a,b,A) satisfy the inequality

0
.T) Zmdo+%(do-2) Sty t “nd +34 . °

0 0

each zero z, OF & of CK (a,b,1) we choose a neighbouring zero of
0

(asb,A). In this manner we may factor CK(a,b,A) into dO polynomial

i)

) . . . (i)

lynomials, If do 1s small and Kb 1s large the polynomials P (1)
0

(X) of degree KO, which may be interpreted as perturbed Chebyshe

1 approximate the Chebyshef polynomial Cx (a,b,A).
0
If we take for the operators Hk of the preceding section the

(i)(

rators PKo

tble if the operator CK (a,b,L) is numerically stable,
0

The perturbation of the operator CK (a,b,L) may be chosen in

L), we see that the iteration process is numerically

ferent ways but we shall consider onlg the following two cases:

(a) symmetric perturbations. =

(b) one-sided perturbations.

symmetric perturbations

For the sake of simplicity we will consider only perturbations

polynomials CK (a,b,A) of even degree.
0
define quadratic polynomials Qm(k), satisfying Qm(O) = 1 (see

ure 4), with zeros z and z

®

Ko-m—T
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a,b,A) may be written as

3K 1

V) C, (a,b,A) = 1 (A).
K, a o U

: + t -
hange 2, to Z, dzm and ZKO_m_1 to ZKO—m—1 dzm, where dzm der

only on m but also on i. The polynomial Qm(x) is changed to

) +dQ_(1) and CKO(a,b,A) to PKZ)(A).
. (3.8) we obtain

| Ko=1 ag. ()
) (i), . | n }
) PKO (X) CKO(a,b,A) L] + ) E;TTT_ .

m=0

eep the perturbation term small we choose dzm with alternati
de(A) changes sign with m, so that the summation in (3.9)
tive and negative terms in each point A.

seems impossible to give a simpler expression for the pertur

.)

one-sided perturbation

If we choose dzm definite for all m it is possible to const

imple expression for P(l)(k).

K
: 0 (i)
ssume the following form of PK (x)
0
0) P00 = . o (a,Da0) - 6
K 1 K 3 95 i5

0 0

e a. and 6. are parameters to be determined.
(1)
KO

) a. =1+ 6.,
i i

the condition P 0) = 1 we find

—

parameters Si are obtained from the fact that the zeros of

,b,A) and the zeros of I P(l)

K (X) are the same.

us write
d

no
~
Q
—
]
-
o
-
>
~
1]
= o

r 1
: L(1 + éi)cK (a,b,\) - 5ij.

i 0
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£ Zy is a zero of CK(a,b,A) we have the relation

S.
) = el
CK(a’b’Zk)_1+6.’
0 1
mee
a+b - 2z S.
s |K., arccos k|- = 1 (y.)
co 0 b - a T+ 6, kI’
- 1 0
lving for z_ yields
k 5. T (y.)
1 K 0
0
[érccos (——frfrjg——— + mﬂ)]
S 1 o) - i
.13) 2, =3 (b+a) - 5 (b-a) cos

|
I o J
ere m = Ty ene @

0, +
mparing (3.6) and (3.13) leads to

a 8 Ty (vy)
0 0
arccos (

1) k= Es
1

1
)——2'+me.

sting k equal to i-1 gives the following expression for 6i

COS 2i—1 ™
24,
15 8, = : .
’ ’ Ty (yg) - cos T%:l m
0 0

collect these results in the following theorem.

'orem IT

© polynomial P<l)(A) = (1 +6.)C, (a,b,A) = 6., where 6. is given
KO 1 KO 1 1

(3.15) has the following zeros

16) )\ =zi-‘|+mdo 9 m=O, 1, © o009 Ko_1'

H
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(1)
K
0 and i. Ine may ogtain these polynomials by selecting those zeros

The polynomial P, " (X) is completely determined by the values of

f CK(a,b,A) with k congruent modulo dy (,which means a one-sided
urbation of the zeros of CK (a,b,A)).

the para%eters 8

large values of K are small, so that the

(1)
KO
ith a small perturbation term. In particular if 4
d.-1
(=)
(L) is exactly the operator Cy
0 0

0 i

ators P (L) may be interpreted as Chebyshef operators of degree

0 1s an odd

ar, PK (a,b,L) (cf. theorem I).

rem IIT

(i), %

sequence of operators {P 1=1

as defined by theorem II is

1gly stable if

7) Koi—;-\lgw 1n(3 + 2V2).

3
(1) . . '
1orm of P (L) is given by
K
0
1-1
1+ |cos(§£—4 ™) |
(1) 2o
0 T (yo) - cos( é_' m)
KO 2 0
stability condition is
i
) 1B @y ]| < 1
0

.gure 5 the behaviour of ]|Pél)(L)|] is illustrated as a function
For large values of TK (yo)othe curve is almost symmetrical with

et to 1 = 1-(d - 1) FOr small values of T, (y,) there is a strong
2 0 1) K 0

o

rase for 1 - 1. In both cases P (L) has theolargest norms.
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4

(1)
1w

= = e e m e o . o

\\

4 1
1 a’
5 (do—‘l) 0
fig. 5
ondition (3, satisfied for all i if
KO »
3.20) TKO(yO) > 1+ 2 cos(2—K ).

sing [hj (7. zet

KO \/ KO KO o
1+ 2 cos(—e-ﬁ T) + 2 cos(ﬁ n)(cos(g{- T) = ‘i)]

3.21) KO .
Vb - Va
\1s conditior :rtainly satisfied by KO if
.22) K, > In(3 +2Va)
Vb + Vg
In(—————=)
Vb - Va
om the Taylo nsion
b +
.23) br Ve ., & _ L
b- Va Vb - Va (Vo - Va)
may be dedu at for b >> a the following relation holds
.2k) ln(i._b_'*_\/_% ~ D % .
Vo - Va

rmula (3.24) 5 the theorem.
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With the aid of theorem III one may draw certain conclusions

W),
° g

yply formula (2.7) to the operators {Pél)(L)}

0

; the numerical stability of the operators P

-0 where K. satisfies
1=1 0

")« We have

|e|| is equal to the maximal numerical error associated with the

\tors Pél)(L). We find for the final numerical error the bound
0

: d
IR

el < ag el

°

0
. IIP(T)'

leme for arranging the relaxation parameters

We conclude this section with a description of a distribution
le relaxation parameters, which proved to be numerical stable
le X8 computer for very ill-conditioned matrix problems (see

v II11).

ls suppose that the prime factorization of K is given by

) K=4d, d, ... d

et us define the numbers

~—

K

N (d1 d

-1
5 oee &) K.

w choose dO = dT and KO = K1 and we construct the polynomials

L) according to theorem II. Each of these polynomials may again
ctored into d2 polynomials 5&3)(
R

L) by selecting those zeros Zm
A) with m congruent modulo2d

X This process 1s continued.

,il this the factorization method.
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heorem IV

(1) _fjo)

X (L) and PK (L) are obtained by the factorization
2 2

ethod, then they are identical if lO = jo.

f the operators P

roof

(i) (1,)
ccording to theorem II the zeros of PK (A) and PK (A) coincide

1 2
ith the zeros z, of CK(a,b,A) for k ='io - 1+md, (m=0, 1, ..., K,-1)

1d for k = lO - 1+ md2 (m =0, 1, ..., K2-1) respectively. The zeros
(3n)

> P 0 (A) coincide with the zeros z fork =i - 1+md +mi.aqa
K2 k 0 01 1

0

1, oo g K2-1)0

lerefore the operators PK 0 (L) and PK 0 (L) are the same for

Using the factorization method we obtain a product of perturbed
ebyshef operators of degree K _q1» Or degree K _p» Or etc. There

mains the problem of the order of the prime factors d , the order

(1

the d  operators P

rameters of Pé i) (L) For the first problem it seems best to choose
n-1

.28) d1 <ad

< s < d .,

2 — n

> last two order problems are of minor importance. One may choose

Il
)(L) and the order of the relaxatlon
» instance an ascending-descending order.

3LE ITT. Numerical stability of Richardson's Dbrocess applied to
model problem I [5]

K |a |b v | stv R(K)
torization method 81 2 162 | 1.5 L 0,21
cess without round-off |81 |.5 [162 | 1.5 > 0,103 (theor.
torizat-on method 81 .5 162 1.5 L 0,105
ond degree process 81 5 162 | 1.5 L 0,105
cess without round-off | 81 1251162 | 1.5 > 0,047 (theor.
torization method 81 125162 | 1.5 L 0,052
ond degree process 81 1251162 | 1.5 L4 0,052
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merical stability of the second orde

lardson proce

We recall that the second order proc

sectilon 2)

W = (o = w Ly + (1-a

Tk(yo)

2 w =

%W =2 T k

k41 Vo)
. the preceding section we restrict o
e space S(a,b) generated by the eige
values Ai in the interval Ea;ﬁl.

o > > <
We 1ntroduce the vectors Wy and g wi
pectively. Formula (L4.1) may be writ

ss of type (2.1), i.e.

- _H—>+—>
R T A L

em V

econd order Richardson process 1s st

).

quire that for each A é[a,bl the mat
igenvalues within the unit circle. T
ion

22 - Sz + P

. of the form

+ w f,

‘k(yo)’

;+1(y0)

bility consi

ion e of L

jponents u, ,

a first ord

stable 1n t

, with L rep

igenvalues s

are

.ons

nd f,

ration

ce

by 2,
the
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iere

+.6) S=oa - wAX

e roots of (4.5) are within the unit circle when
bT) P<1, 1+S+P>0and 1-S+P>0.
lese conditions lead to

WTY) o <2, wA >0, 20y = w A > 0,

k

. figure 6 that domain of points (w,a), which guarantees stability
indicated by the shaded region.

fig. 6

th the aid of the recurrence relation for the Chebyshef polynomial:

(y) one may easily verify that the values given by (L.2) satisfy
T )

According to this theorem there will be no accumulation of rounc
ors in actual application. Therefore the final rounding error will
of the same order as the order of the round-off associated with

» iteration. For numerical results we refer to the experiments of
nk [3] and table III.
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re accuracy of elimination operators in numerical applications

In actual computation the eigenvalues of the eigenfunctions to be
inated are only known as an approximate value, so that these
afunctions cannot be eliminated exactly. In this section we discuss
accuracy of the elimination process.

fj be an estimate for the eigenvalue A1 of L. We eliminate the
eéponding eigenfunctions e

->¢
aq,b,L).

] by means of the operator

O J—————=
=

1\;;' 1'%1

fig. T

(*
*

Al S

ralue of C (a, ,b,A) in A = AT by the formula

K
_ u-d e =
;- AT)iEﬁ CK*(a1,b,)\).J .
1 A=X,

lgure T the curve C b,A) is illustrated. We approximate

the definition of the Chebyshef polynomials we find

—_ >
: * : (= 2K,
) C,x(a.,b,A ) = .
K 12727 >
1 b+a1\/ AU
T (=) \/(b-1_) (X -a.)
K pa 1784978
s, ; -
1, is given by (ef. LR] formula (L.4))
— : m
+ —_—
_ 2%1 b(cos 2KT 1)

i
cos —— = 1
RV

EK,l
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ubstituting this into (5.1') leads to

-_— >
(A1"K1)K1

5.2) Coe(ar,b,A )
K, 1 1 -, i >
1 (b-2.)tg — TK*(yo)
MK1 1
> . .
1ere Yo 1s given by
b cos —1+ + X
- 1
v 2K
- > 1
703) yO = — ®
b - A
1
1 practice we may write
K2
.2') C-x-(a ARWE ’ (X, = 1),
! b T »«( *) ! !
K Yo

1

r large values of K1 the value of CK*{a1,b AT) W
wever, we wish to use relative small values for

imination operators discussed in [4] section 5 w

KT:%nv_bT-,
) A

elding

v >* 1 1 1
4) CK-x-(a_I,b,}\]) i
1 A
1

lch is approximately of the same order as the rel

;imation 7}.
: estimation 71 is accurate enough when
5) cK( 1,b M) 2 lleg(asb,0) ]|

ng (5.2') we obtain for large values of X and b

( =2 7 () expl 2K\/_-\)

1

<
1 1T —2
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ible IV the values of TK*(y;) for a number of values for yg-are
:d. In view of later applications to the Dirichlet problem for

>oisson equation
) AU + F = 0,

ave chosen the lowest eigenvalues of the operator -A, given by
n2 + m2, where n and m are integers, to be eliminated. Further,

natrix approximation L to -A is assumed to have the spectral norm

) o(L) = 162.

1 IV. Inverse norms of the elimination operators

m—rm—

T > |1ln TK* T > | 1ln TK*‘ T > | 1n TK* T > | 1n TK*

0.013 |=k.34 0.032 | =3.L44 0.052} -2.96 0.066 | -2.72
0.061 |-2.80 0.16 | -1.83 0.27 | =1.31 0.34 | -1.08
0.15 |=1.90 0.39 | -0.9k4 0.68 | -0.39 0.90 | =0.11
0.27 [-1.31 0.77 | =0.26 1.4 0.3k 1.9 0.64

0.4y |-0.82 1.3 0.26 2.6 0.95 3.7 1.29
0.68 |[-0.39 2.2 0.79 4.6 1.52 6.8 1.92
0.98 |-0.02 3.5 1.25 7.8 2.05 |12 2.48
T.h 0.34 5.3 1.67 |13 2.56 |21 3.0k

If the estimation A, does not satisfy (5.6), that is the
>ximation if Ai is too rough, we may apply the operator
{T,b,L) again.

iy be remarked that the norm of the operator

> >
CK""(a abaL)CK*(8-23b9L)s
1 2
> >, . . .. > > .
3 K1 + K2 1s a fixed even number, 1s minimal for K1 = KE' This
ws from the fact that 1n TK*(yg) is a concave function of K*; as

from table IV.
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